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Abstract 

We address two related questions. Let two real square normal tropically 
idempotent matrices A, B be given. Question 1 : find conditions for A, B to 
commute under tropical multiplication. Question 2: prove that the intersection 
of the two tropical simplexes Ta, Tb is a tropical simplex. 



1 Introduction and notations 

Write © = max and = +. These are the tropical operations addition and multi- 
plication. Write R := t U {-oo}. For n € N, set [n] := {1,2,..., n}. Let R nxn 
denote the set of n x n real matrices, and M nxn the set ofnxn matrices with entries 
in M and, at least, one real entry in each row and column. Define tropical sum and 
product of matrices following the same rules of classical linear algebra, but replac- 
ing addition (multiplication) by tropical addition (multiplication). We will never use 
classical sum or multiplication of matrices, in this note. AQ B will be written AB, 
for simplicity, for matrices A, B. 

Normal idempotent matrices (NI, for short) are characterized by n equalities and 
n(n — l) 2 linear inequalities. The class of NI matrices is interesting because any 
square real matrix A can be assumed to be normal, up to coordinate changes. More- 
over, for any real normal order n matrix A, the tropical power A 11 ^ 1 is NI, and A n ~ x 
carries most of the information of A. NI matrices are increasing, strongly definite, 
visualized, and Kleene stars (see (5][6j[EJ[30]]). We do not use the digraph associated 
to a matrix or eigenvectors and eigenvalues, when dealing with NI matrices. Our 
basic technique is handling inequalities. 

The geometric counterpart of a NI matrix in the tropical projective space is a 
tropical simplex which contains the origin and, moreover, is an alcoved polytope 
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i.e., a convex set defined by real linear inequalities of the sort pi < X{ < q% and 
Pij <Xi- xj < qij, some Pi, qi,Pij,qij G R (see Hll[T9l|2l]|22l[3ll)- 

The problem with NI matrices is that this class is not closed under tropical sum 
or (left or right) multiplication. However, if A, B are NI and AB, BA are also NI, 
then A and B commute and the intersection TaHTb is a tropical simplex. If the 
tropical sum A(B B is NI, the same holds. This is essentially what we prove in this 
note. Our main results are theorems l3l l4l 191 and [TOl A key role is played by lemma 
[T]and theorem [2] 

Basic facts about tropical algebra and geometry and variations of them (also 
called max-plus, max-linear, idempotent mathematics, etc.) can be found in the 
following texts : (DEJSEZllSJISainiinilHllSJSllSllSlEa. Convexity of sets 
tropically spanned by finitely many elements has been studied in ll2l l6l l9l fTTl ll~5l [T6l 
H2 EES EES M- 

The n x n matrix /, having null diagonal and — oo elsewhere, is an identity for 
tropical multiplication. will denote the n x n null matrix. For d\ , . . . , d n G R, 
diag(di, . . . , d n ) is the n x n matrix having d\, . . . , d n on the diagonal and — oo 
elsewhere. 

2 Normal and normal idempotent matrices 

By definition, a square matrix A is normal if an = and a-ij < 0, all Equiv- 
alently, / < A < 0. Notice that ^40 = = 0^4, when A is normal. Since tropical 
(left or right) multiplication is monotonic, then I < A < A 2 < . . . < A 71 ^ 1 < 
A n < A n+1 < . . . < 0, if A is normal. A theorem of Yoeli's (see 03) says that 
this sequence stabilizes: A n ~ x = A n . 

Given A = (a^), B = {bif) normal matrices, set 

• M := A © B, the maximum matrix, M = (m^), 

• N := AB © BA, the maximum of the products, 

• H := min{AB, BA}, the minimum of the products, 

• Cij(k) := an,, + bkj, C(k) := (cij(k)), with i, j, k € [n], so that 

AB = C{k) © A®B, 

ke[n] 

• dij(k) := bik + cikj, D(k) := (dij(k)), with i,j, k G [n], so that 

BA= D(k) ®A@B. 
fee[n] 
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nxn , there 
nxn such that 



By the Hungarian method, (see |20l [271), for any matrix A <G 
exist (not necessarily unique) matrices P,Qg M. n><n and N € 
N = PAQ, with N normal. The matrices P and Q are generalized permutation 
matrices. This means that P is obtained from a diagonal matrix by simultaneous 
permutation of rows and columns (same for Q). On the tropical projective space (see 
definition on p. [6]), the matrix P acts as a change of coordinates (a translation and 
a relabeling of coordinates), and the matrix Q acts on A by relabeling its columns. 
Therefore, A can be assumed to be normal, up to coordinate changes. 

A matrix A is idempotent if A 2 = A. A normal idempotent matrix (NT, for 
short) A satisfies 



0, aij < and a ik + a kj < a^-, i, j, k G [n]. 



(1) 



These are n equalities and n(n— l)+n(n— l)(n— 2) 
The tropical determinant of ^4 is defined as 



n(n— l) 2 linear inequalities. 



|-4|trop = max{a 1(T ( 1 ) + a 2cr (2) H h a na t n \}, 

ff€An 

where 5 n denotes the permutation group in n symbols. It is also called tropical 
permanent. A is tropically regular (resp. tropically singular) if this maximum is 
attained only once (resp. at lest twice). Strongly regular is another denomination 
for tropical regular. In E51l it is proved that if AB is tropically regular, then A and 
B are tropically regular and 



\AB 



trop | 



\A 
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(2) 



From now on, A,B£ 



Here is a list of immediate properties, some true for normal matrices, and some 
true for NI matrices. 

1. If A, B are normal, then AB, BA and M, N, H are normal. 

2. If A, B are normal, then M < H. 

Indeed, AB = fc C(k) M, BA = fc D{k) M, whence M < AB 
and M < BA. An alternative proof is the following: B = IB < AB, 
B = BI < BA, A = I A < BA, A = AI < AB, by monotonicity of 
multiplication, whence M < H. 

3. If A, B are NI, then AB, BA or M may fail to be NI. 
Example 1: A, B are NI but M ^ AB ^ BA ^ M are not, with 
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Example 2: 


A, B and AB = BA are NI but M is not, with 
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AB = BA = M z 






-4 


-4 


-3 


-2 





-3 


-3 


-3 


-6 





-3 


-5 


-3 


-2 






M 



-4 

-6 
-3 



-4 -3 

-3 -3 

-3 

-2 



4. JfA,B and M are NI, then AB = BA (and, by theorem [3]below, AB is NI). 

Indeed, M = M 2 = {A® B) 2 = A 2 @ B 2 @ N = A® B ® N = M ® N , 
whence AT < M and M < if < N by item showing M = H = N; in 
particular AS = BA. 

Lemma 1. If A,B are normal, then 

1. ABA = A 2 @ N, 

2. BAB = B 2 ®N, 

3. A 2 B = A 2 AB, 

4. B 2 A = B 2 ®BA, 

5. BA 2 = A 2 BA, 

6. AB 2 = B 2 ® AB. 

Proof. To prove Qll,fixt^j G [n]. 

(ABA)y = max{(AB) ifc +a fc j} = max{max{a ii +& iJfe }+a J y} = max {ai/+6 ifc +a fci }. 

fc£[n] fe€[n] Zg[n] fe,Z6[n] 

If two indices coincide, the corresponding summand vanishes; otherwise, the sum- 
mand is non-positive. Therefore, summands having three non-positive terms are 
irrelevant and 



(ABA)ij = max{aij,bij,ai k + a k j,(Hj(k),dij(k)}. 
ke[n] 
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Using AB = fc C(k) © A B and BA = fe £>(fc) A 5, we get ABA = 
A 2 ®AB® BA. 

To prove (O, fix z 7^ j £ [n]. 

(y4 2 B)ij = max{(A 2 ) ik +b k j} = max{ma.x{au+ai k }+b kj } = max Aaa+aik+bkj}. 

fe£[n] fc£[n] i£[n] fc,/£[n] 

Thus 

(A 2 ^)^ = max{o i j,6y 3 a i jfe + a kj ,Cij(k)}, 

fc£[n] 

whence A 2 5 = ^ 2 © .45. 

The other items are proved similarly. □ 

Theorem 2. 7f A, 5 are normal, then (AB) 2 = (BA) 2 . 

Proof. (AB) 2 = (ABA)B = (A 2 © AB © 5,4)5 = A 2 B © ,4£ 2 © BAB = 
A 2 ®B 2 © TV, using lemmaQ] Similarly, we get (BA) 2 = A 2 ® B 2 @N. □ 

3 Commuting NI matrices 

Theorem 3. If A, B are NI, then A and B commute if and only if AB and BA are 
idempotent. 

Proof. If A and B commute, then (AB) 2 = A 2 B 2 = AB and (BA) 2 = B 2 A 2 = 
BA. Conversely, if AB and BA are idempotent, then AB = (AB) 2 = (BA) 2 = 
BA, by the previous theorem. □ 

Theorem 4. IfA,B are NI of order 3, then A and B commute if and only if AB = 
BA = M. 

Proof. Let us derive a contradiction from AB = BA ^ M. Write C = (%•), 
D = (dij) with dj = a ik + b kj , (Uj = b ik + a kj , {i,j,k} = [3]. We have 
AB = M@C = M®D = BA. There exist i ^ j € [3] such that rriij < cy. 
Say i = 1, j = 2. Then 012 < 013 + 632 and bu < a%3 + 632- Since A, B are 
NI, then 032 < 012 — 013 < &32 and 613 < 612 — 632 < 013. Adding up, we get 
brs + 032 < «13 + b%2, meaning that d\2 < C12, whence (AB) 12 7^ (BA)\2- □ 

It is good now to go back to examples 1 and 2. 

Here is an easy way to produce NI matrices which commute. 

Lemma 5. For each negative real number m, any two matrices A, B having null 
diagonal and all off-diagonal entries in the closed interval [2m, m] are NI and 
satisfy AB = BA = M. 
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Proof. Let an = bn = and 2m < a^- , fry < m. Then an- + ajy < 2m < a>ij , 
whence A is NI. Same for B. 

Now, fix j ^ j G [n]. We have Cjj(/c) < 2m < a^-, whence 

(AB)ij = msLx{aij,bij,Cij(k)} = max{ajj, = (A® B)ij. 

kE[n] k£[n] 

Thus, AB = M. Similarly, we get BA = M. □ 



4 The algebraic-geometric interplay 

The projective tropical n — 1-dimensional space, denoted TP n_1 is, in this note, 
the quotient space R \ {(— oo, . . . , — oo)}/ ~, where (ax, . . . , a n ) ~ (&i, . . . , b n ) 
if (oi, . . . , a n ) = (A + bi, . . . , A + &„), for some A € R. The equivalence class of 
(ai, . . . , a n ) will be denoted [ai, . . . , a n ]. Let coordinates on TP™ -1 be denoted by 
X\, . . . , X n . For any real point in TP n ~ 1 , we can choose a representative having 
null last coordinate (ai, . . . , a n -l> 0). In this case, we say that we work in X n = 0. 
This allows us to identify the real part of TP" -1 with R n_1 . 

From now on, we will write points in TP n ~ x as columns. 

By definition, a tropical simplex in TP™ -1 is the set of points tropically spanned 
by n given real points. We arrange the coordinates of the points as the columns 
of an n x n real matrix A and denote the simplex by Ta (in the literature other 
names are used, such as tropically convex set, column space of A, etc.). In other 
words, Ta is the image of the map /a '■ TP n_1 — > TP n_1 given by x t-t Ax. In 
the tropical projective space, Ta is compact, connected but not convex, in general 
(compactness does not hold in the tropical affine space!). The topological dimension 
of Ta is < n — 1 with equality if and only if A is tropically regular. Equivalently, 
dim Ta = n — 1 if and only if the columns of A are not all contained in one tropical 
hyperplane, meaning that there is no p = [pi, . . . ,p n ]* G TP n_1 such that for each 
j G [n] , the maximum 

max{pi + aij , . . . , p n + a nj } (3) 

is attained at least twice; see 0[5j[l5j[T6j[T7j[29]]- Generically, Ta is the union of 
one cell of dimension n — 1 and finitely many cells of dimensions m, for < m < 
n - 2; see 0. 

To sketch the simplex Ta in R" -1 , we use the mattix A$ = (ay), with = 
a^ — a n j. For instance, (see figure [T]) in example 1 we have 
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Figure 1 : Tropical triangles corresponding to example 1 . The origin in R 2 is in red, 
Ta in magenta, 7b in blue. 

In example 2, we get 
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Some computations provide the following information. The tropical tetrahedra 
Ta,Tb, Tab are convex and 

• The f-vector of Ta is (14, 21, 9). It has 4 quadrilateral, 4 pentagonal and one 
hexagonal facets. 

• The f-vector of Tb is (20, 30, 12). It has 4 quadrilateral, 4 pentagonal and 4 
hexagonal facets. 

• The f-vector of Tab is (15, 23, 10). It has one triangular, 3 quadrilateral, 5 
pentagonal and one hexagonal facets. See figure 
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Figure 2: Tropical tetrahedra corresponding to example 2: Ta in magenta, Tb in 
blue, Tab in black. 

However, 7m is not convex since [6,4,3,0]* and [—1,3,-3,0]* G 7m but their 
mid-point is not in 7m- 

Consider the following open cells in R n_1 : S n = {0 < Xf. : k G [n — 1]} and 
S"j = {0 < Xj and < Xj : k G [n — 1]}, for j £ [n-1]. The geometric meaning 
of normality of ^4 is: 



where the bar denotes usual closure. Notice that UjeW i s th e whole W 



Figure 3: Tropical triangles corresponding to example 3. The origin in M 2 is in red, 
Ta in magenta, Tb in blue. 

Here is a list of properties and remarks: 



col(A),i) G Sj, for all j G [n] 



(4) 
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1. A, B normal and A < B ^> T A 2 Tb, in general. 
Example 3: 
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and [-1, -3, 0]* E T B \ T A ; see figure[3] 

2. If A is normal, then T A 2 T A 2 D ... D T A n-i = Ta< see Bl 5112511251. 

3. If A is normal, then T A n-\ is the set of fixed points of f A ; see Il4ll5l l25ll28ll . 
Indeed, for some y E TP n_1 , we have x = A n ~ x y = A n y = Ax. 

4. If A is normal, then the origin lies in T A n-i. 

Any zero-diagonal matrix A in M nxn induces the following convex (possibly 
empty!) polytope in R n_1 



C A :-- 



x E 



nn— 1 
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; i, k E [n — 1] 
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Theorem 6. / liffl/ 7/ 1 ^4 ij normal, then C A C 7a ■ Moreover, A is NI if and only if 
C A = T A . 

We give the proof below, for completeness. 
Proof. Recall the definition of a^- in pj6] For i,j,k,l E [n], we have 

1. a ni = and = -a n j, 

2. C%in — ^in? 



3. n, ; — n 



Assuming A is NI, then 

4. din — Q-ij — ®nii 
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~ a ki- 
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Given a point x 6 Ca, consider scalars Aj = Xj + a n j < 0, for i £ [n - 1] and 
write A = [Ai, . . . , A n _i, 0]'. Then [xi, . . . , x n _i, 0]* = ^o-^ (this is a statement 
about n maxima, which holds due to the 2(n — l) 2 inequalities defining Ca), proving 
that x E Ta- This proves that Ca ^ Ta- 

Next we prove that, for every x, y in Ca, the tropical segment joining x and y, 
denoted T x , y , is contained in Ca- Call this fact 1. Indeed: a point z in T x , y has 
coordinates z n = = max{A, [i\ and 

Zi = max{A + Xi,fi + yj, 

for i 6 [n - 1] and some A,/i6R. Say A = 0, < 0; then 

iin < x; < max{xj, ii + = Zi < max{xj,yi} < -a ni , 

for i 6 [n-1]. Choosing now i, k € [n — 1], we want to prove that a,i k < Zj — z k < 
—a>ki- 

If Xi = Zi and x fc = z k or /x + y { = Zi and /J + y k = z k , a ik < Zi - z k < -a ki 
is obvious. 

If ix + yi = Zi and x k = z k , then a ik < Xi - x k < Zi - z k = fx + y { - x k < 
H + yi - [i - y k = yi - y k < -a ki . If [i + y k = z k and Xi = Zi, then the situation 
is similar. This shows that T x . y Q Ca- 

Now we are ready to prove Ca 5 Ta , if A is NI. 

First, notice that each column of Aq belongs to Ca, by items @] and [5] above. Call 
this/ac? 2. 

Any point y in Ta admits coordinates of the form AqX, for some A = [Ai, . . . , A„]*, 
with y n = max{Ai, . . . , \ n } = 0. Then Xj = 0, for some j. Say j = 1 and write 
y = x A 3 + col(,4o, 3) • • • A n + col(A), n), with x = col(A , 1) A 2 + 
col(Ao, 2). Now x belongs to Ca, by facts 1 and 2. Then, by fact 1, in finitely many 
steps, we show that y G Ca, proving that Ta Q Ca- □ 

Here is a list of properties and remarks: 

1 . If A is NI, then A and Ta determine each other. 

Indeed, we can recover A from Ta, because the NI hypothesis implies that 
Ta = Ca is an alcoved polytope in W l ~ l containing the origin. For i ^ j, a>ij 
is directly read from Ca- Then set A = {a-ij), with an = 0. 

Example 4: given C = {0<x<4, 0<y<2, — 1 < x — y}, (see figureHJ) 
we notice that the maximum of x — y over C is 4, whence C = Ca with 
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Alternatively, from C we write the auxiliary matrix 
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Figure 4: Tropical triangle corresponding to example 4. 

2. If A, B are normal, then A < B <^> Ca 2 Cb. In particular, Ca H Cb = Cm- 
This is immediate. 

3. If A, 5 are NI, then A< B oTa^Tb- 
This is a consequence of theorem [6] and item 

4. If A, 5 are NI, then X4 D T B C 7m- 

Indeed, Ta = Ca,Tb = Cb and Ca n = Cm C 7m- 

The containment in the previous item is strict, when M is not idempotent. This is 
the case in example 2. 

Lemma 7. Let Abe a NI matrix. Then the columns of A are pairwise different if 
and only if A is tropically regular. 

Proof. Of course, if A is tropically regular, then the columns of A are pairwise 
different. For the converse, if A is NI, then |A| trop = and this value is attained 
by the identity permutation. Suppose that A is tropically singular. Then there exists 
a permutation id 7^ a such that J2je[n] a jcr(j) = 0- Since each a-ij is non-positive, 
then djc-^ = 0, for all j G [n]. 

Let us factor a as a finite composition of disjoint cycles and let r be one such 
cycle. By simplicity in writing, let us assume that r = (1, 2, . . . , s), with 2 < s < 
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re. By hypothesis, a 12 = a 23 = • • • = a 8 -u = a s i = 0. Using dij+cijk < < 0, 
we get dij = 0, for all i, j G [s]. Thus, A has a s x s zero block. Now using 
A = A 2 , we get aij = a^j, for all i, k G [s], j G {s + 1, . . . , re} and oy$ = a^, 
for all i,k G [s], j G {s + 1, . . . , n}. In particular, the first s columns of A are 
identical. In general, if r = . . . , i s ), we obtain that the columns ii, . . . , i s of A 
are identical, with s > 2. □ 

Lemma 8. If A is normal and tropically regular, then Ca = T^n-i. 

Proof. We know that A n ~ x is NI. 

Suppose that A n ~ l has repeated columns. Then, there is at least one classical 
hyperplane T passing through all the columns of A n ~ l . By ((4]), co\(A n ~ l ,j) G Sj 
for all j, and we know that DjeW is the origin. Then T goes through the origin. 
Since, for every i,j G [n], i ^ j, the direction of Si n S'j is a zero-one vector, 
then the direction of at least one hyperplane T is a zero-one vector. We conclude 
that the columns of A n ~ x belong to the tropical hyperplane IIo given by expression 
([3]) with p = 0. Thus, T^n-i is (an alcoved polytope) sitting inside IIo. m P- [6] 
we recalled that Ta is connected and the difference Ta \ Ta™- 1 is a finite union of 
cells of dimension m, with < m < n — 2. These cells are contained in classical 
hyperplanes xj = cnst . or xj — Xk = cnst ., for some j, k G [n — 1]. Then, Ta 
is sitting inside IIo too and, in particular, A is tropically singular, a contradiction. 
Therefore, A n ~ l has pairwise different columns. By lemma |7J A n ~ l is tropically 
regular, so that 7^n-i is a convex n — 1-dimensional set. Moreover, 7^n-i is 
maximal convex n — 1-dimensional contained in Ta by O O [30j . Now, Ta«-i = 
Ca"-^ ^ Ca Q Ta, whence Ca = T^n-i, by maximality. □ 

In |[28l . 7^n-i was called soma of Ta, trying to express the fact that, in the 
generic case, 7^n-i is the top dimensional part of Ta- 



5 Intersection of tropical simplexes defined by NI matrices 

Theorem 9. If A,B are NI, then A and B commute if and only if Tab = Tba = 
Ta H Tb- This is an alcoved polytope and a tropical simplex. 

Proof. By theorem [3] and item Q] in the previous list, we have Tab = Tba, from 
the start. Take x G Ta H Tb- Then x is fixed by Ja and fs, whence x is fixed 
by Jab, proving that x G Tab- Now take x G Tab, so that ABx = x. Then, 
Ax = A(ABx) = A 2 Bx = ABx = x, by idempotency of A. Thus, x G Ta- 
Similarly, x G Tb- □ 

Theorem 10. If A,B are NI and M is tropically regular, then Tm™- 1 = 7a H Tb- 
TTj/s jj an alcoved polytope and a tropical simplex. 
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Proof. Ta = Ca and Tb = Cg, whence 7a n Tb = Ca n Cb = Cm = T M »-i, by 
lemma [8] and item |2] in the previous list. □ 



Lemma 3.10 in ll25l is somewhat related to our results in this section. 

The same questions remain open for normal matrices A, B. Question 1: find 
conditions for A, B to commute under tropical multiplication. Question 2: is the 
intersection of the two tropical simplexes Ta, Tb a tropical simplex? 
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